Abstract. We provide an explicit resolution of the Abreu equation on convex labeled quadrilaterals. This confirms a conjecture of Donaldson in this particular case and implies a complete classification of the explicit toric Kähler-Einstein and toric Sasaki-Einstein metrics constructed in [6, 23, 14] . As a byproduct, we obtain a wealth of extremal toric (complex) orbi-surfaces, including Kähler-Einstein ones, and show that for a toric orbi-surface with 4 fixed points of the torus action, the vanishing of the Futaki invariant is a necessary and sufficient condition for the existence of Kähler metric with constant scalar curvature. Our results also provide explicit examples of relative K-unstable toric orbi-surfaces that do not admit extremal metrics.
Introduction
This paper classifies toric Kähler metrics admitting Hamiltonian 2-forms on 4-dimensional toric orbifolds. Apostolov, Calderbank and Gauduchon [4] pointed out that these 2-forms underpin known explicit constructions of extremal Kähler metrics (in the sense of Calabi) , see e.g. Calabi [12] and Bryant [11] , which situate our work into the more central problem of finding (explicit) extremal metrics on compact symplectic toric manifolds and orbifolds. A closely related problem in Sasakian geometry is the study of compatible toric Sasaki metrics which are transversally extremal [10] . The common feature of these two problems is that, by using the toric assumption, they can be reduced to a fully non-linear 4-th order PDE on a (convex, compact, simple) polytope in R n , which we solve explicitly for convex quadrilaterals in R 2 .
We now describe the more general setting of the problem, following the work of Guillemin [24] , Abreu [1] and Donaldson [16] . Let ∆ ⊂ R n be a convex, compact, simple polytope and u = {u 1 , . . . , u d } a set of vectors in (R n ) * inward to ∆ and respectively normal to the facets F 1 , ... F d of ∆. By slight abuse of notation, we shall refer to (∆, u) as a labeled polytope. In the case when there is a lattice Λ ⊂ R n with u i ∈ Λ, there is a unique positive integer m i ∈ N such that
The set S(∆, u) of symplectic potentials consists of smooth strictly convex functions, G ∈ C ∞ (∆), whose inverse Hessian
is smooth on ∆, positive definite on the interior of any face and satisfies, for every y in the interior of the facet F i ⊂ ∆,
(1) H y (u i , ·) = 0 and dH y (u i , u i ) = 2u i .
These expressions use the standard identifications (R n ) * ≃ R n , T x R n ≃ R n . The boundary conditions (1) are elaborated in [6] and are equivalent to the boundary conditions in [17] and [2] . When (∆, u) is a rational labeled polytope corresponding to a symplectic toric orbifold, S(∆, u) parameterizes the space of compatible Kähler metrics. As computed by Abreu [1] , the scalar curvature of the metric associated to a symplectic potential G ∈ S(∆, u) is the pull-back by the moment map of the function (2) S(
The extremal affine function ζ (∆,u) is the L 2 -projection (with respect to the euclidian measure) of S(G) to the finite dimensional space of affine-linear functions on ∆. It turns out that ζ (∆,u) is independent of the symplectic potential G ∈ S(∆, u) and may also be defined as the solution of a linear system depending only on (∆, u), see § 2.2. If (∆, u) is a rational labeled polytope associated to a symplectic toric orbifold, then the symplectic gradient of the pull-back by the moment map of ζ (∆,u) is the extremal vector field [21] .
The general problem we are interested in is then Problem 1. Given a labeled polytope (∆, u), is there a symplectic potential G ∈ S(∆, u) satisfying the extremal Kähler equation
If so, can one find it explicitly ?
Bryant [11] and Abreu [2] showed that on labeled simplices, the solution of this problem is given (up to an additive affine-linear function) by
where ℓ i (·) = ·, u i − λ i is an affine-linear function such that F i ⊂ ℓ −1 i (0) and ℓ ∞ = d i=1 ℓ i . Explicit solutions are also known to exist for trapezoids corresponding to toric Hirzebruch surfaces, see [12, 1] .
Motivated by the conjectured link [34, 33, 16] between the existence problem for Kähler metrics of constant scalar curvature lying in an integer Kähler class and stability of the Kodaira embedding of the corresponding polarized variety, Donaldson [16] gave a precise conjecture for the existence part of Problem 1. It is expressed in terms of positivity of a linear functional L ∆,u , called the relative Futaki functional in this paper, over a suitable space of convex functions (on ∆). On a labeled polytope (∆, u), the relative Futaki functional is defined by (5) L ∆,u (f ) =
where dv is an euclidian measure on ∆ and dν is a measure on any facet F i defined by u i ∧ dν = dv. Definition 1.1. A labeled polytope (∆, u) is analytically relatively K-stable with respect to toric degenerations if the associated relative Futaki functional L ∆,u is non-negative on any convex continuous piecewise affine-linear function on ∆, and vanishes if and only if the function is affine-linear.
Conjecture 1. Let (∆, u) be a labeled polytope. There is a solution G ∈ S(∆, u) to the equation (3) if and only if (∆, u) is analytically relatively K-stable with respect to toric degenerations.
Donaldson proved Conjecture 1 for polygons (n = 2) when ζ (∆,u) is constant, by using the continuity method [16, 17, 18, 19] . Zhou-Zhu proved that the existence of a solution of (3) implies analytical relative K-stability, see [ In this paper, we consider the case where (∆, u) is a labeled convex quadrilateral (ζ (∆,u) is not required to be constant). We show that there is a compatible Kähler metric admitting a Hamiltonian 2-form on any symplectic toric orbifolds whose moment polytope is a quadrilateral. Using the work of [3, 4] to separate variables in equation (3) in this case, we provide an explicit solution by means of elementary techniques in the case when ζ (∆,u) is equipoised on ∆. Definition 1.2. Let ∆ be a quadrilateral with vertices s 1 , . . . , s 4 , such that s 1 is not consecutive to s 3 . We say that the affine function f is equipoised on ∆ if
More precisely, our main result is Theorem 1.3. Let (∆, u) be a labeled convex quadrilateral with equipoised extremal affine function ζ (∆,u) . Then there exist two polynomials of degree at most 4, A(x) and B(y), from which one can construct explicitly a S 2 R 2 -valued function H A,B = (H ij ) satisfying (1) and (3) .
Moreover, (∆, u) is analytically relatively K-stable with respect to toric degenerations if and only if H A,B is the inverse Hessian of a solution G A,B ∈ S(∆, u) of (3) which happens if and only if H A,B is positive definite 2 . In particular, if (3) admits a solution in S(∆, u) this solution is given by G A,B .
Note that our result provides a computable condition of relative K-stability for the labeled polytopes we consider and gives an explicit solution for the constant scalar curvature equation on labeled quadrilaterals. Indeed, constant functions are equipoised on any quadrilateral. Another natural class of examples is given by toric weakly Bocher-flat Kähler orbi-surfaces see [3] which must be either Kähler-Einstein, Bochner flat (given by (4) on weighted projective planes, see [11] ) or given by the explicit solution of the above form on certain labeled quadrilaterals with equipoised extremal function, see Remark 5.6. Nevertheless, it exists labeled convex quadrilateral whose extremal affine function is not equipoised which admits a solution to Problem 1, see Theorem 1.4 above.
One might wonder how restrictive it is to require the extremal affine function of a labeled quadrilateral to be equipoised. A key point to answer this (as well as to prove our main result) is the observation that fixing the polytope ∆ and varying the inward normals u the coefficients of the polynomials A(x), B(y) depend linearly on u. More precisely, for a convex quadrilateral ∆, denote by N(∆) the 4-dimensional cone of inward normals u = (u 1 , u 2 , u 3 , u 4 ) associated to the facets of ∆ and its subset E(∆) (respectively C(∆)) defined by the condition that ζ (∆,u) is equipoised (respectively constant). Define E + (∆) as the set of normals u ∈ E(∆) such that (∆, u) is relatively analytically K-stable with respect to toric degenerations. Studying these sets leads to the following result. Theorem 1.4. Let ∆ be a convex labeled quadrilateral which is not a parallelogram. C(∆) is a codimension-one sub-cone of E(∆) which is itself a codimension-one subcone of N(∆). Furthermore, E + (∆) contains C(∆) and is a proper non-empty open subset of E(∆). Finally, there is a 1-dimensional cone K(∆) ⊂ C(∆) such that the corresponding solutions of (3) define (homothetic) Kähler-Einstein metrics on ∆ × R 2 .
The above theorem implies that for convex labeled quadrilaterals, the condition that ζ (∆,u) is constant implies the K-stability of (∆, u). It also provides an effective parametrization of the Kähler-Einstein solutions found in [23, 14, 6] in terms of classes of affine-equivalent convex quadrilaterals.
One geometric application concerns symplectic toric 4-orbifolds. Using the wellknown correspondence [15, 28] between compact symplectic toric orbifolds and (convex, compact, simple) rational labeled polytopes, we obtain as a corollary of Theorems 1.3 and 1.4 that a symplectic toric 4-orbifold whose labeled polytope is a quadrilateral with equipoised extremal affine function admits (an explicit) compatible extremal metric if and only if its labeled polytope is analytically relatively K-stable with respect to toric degenerations. Moreover, it admits a constant scalar curvature metric if and only if the Futaki invariant vanishes (i.e. ζ ∆,u is constant).
The question whether or not a polytope ∆ is of rational type, that is, corresponds to the image of the moment map of a compact symplectic toric orbifold, preludes the problem of constructing examples systematically. We answer this question for convex polygons by giving an explicit criterion in terms of the cross-ratio of the elements of RP 1 corresponding to the facets of ∆, see Theorem 6.3. We then show that for a strongly rational polytope ∆ (i.e whose vertices lie in a lattice) the linear constraints on the normals introducing the cones E(∆), C(∆) and K(∆) of Theorem 1.4 have rational coefficients, thus obtaining a wealth of examples of both extremal and unstable toric orbifolds. As corollary we obtain the following existence result. Corollary 1.5. Let ∆ be a convex quadrilateral. If ∆ is strongly rational then, up to homothetic transformations and finite orbifold coverings, there exists a unique compact Kähler-Einstein toric orbifold having ∆ as moment polytope.
Another geometric application concerns Sasaki toric 5-manifolds. There is a correspondence between connected compact co-oriented contact toric manifolds of Reeb type and strictly convex good polyhedral cones [29, 30, 8] . Moreover, the Reeb vector field X defines a labeled polytope (∆ X , u X ) which is not rational unless the Reeb vector field is quasi-regular, see [8] and §2.3. Theorem 1.3 leads to the following.
) be a compact Sasaki toric 5-manifold with Reeb vector field X and momentum cone with 4 facets. Then, the corresponding transversal labeled polytope (∆ X , u X ) is a K-stable quadrilateral with respect to toric degenerations and ζ ∆,u constant. In particular, the metric g is explicitly determined in terms of two polynomials of degree at most 3.
Note that explicit Sasaki-Einstein metrics of this type have been found in [23, 14] and toric Sasaki-Einstein metrics have been systematically studied in [13, 22] .
In order to prove Theorem 1.3, we consider the cases of generic labeled quadrilaterals (that is, quadrilaterals which have no parallel edges) and labeled trapezoids.
In the first case, we use the notion of orthotoric Kähler structures introduced by Apostolov-Calderbank-Gauduchon in [3] . We refer to Section 3.1 for definition and properties of such structures. Loosely speaking, these metrics provide a separation of variables in the expression of the scalar curvature. On compact 4-orbifolds, they also come with a Hamiltonian toric action with three or four fixed points. The case of three fixed points corresponds to triangles, that is, weighted projective spaces for which orthotoric Kähler metrics have been studied in great detail [11, 2, 6] . We prove in §3.1 that there exists an orthotoric Kähler metric compatible with the symplectic form of any symplectic toric orbifold associated to a generic rational labeled quadrilateral. Moreover, if such symplectic toric orbifold has a equipoised extremal affine function, then any extremal compatible Kähler metric must be orthotoric.
To cover the case of labeled trapezoids, we first notice that for labeled parallelograms Problem 1 is trivially solved by taking the product of solutions on labeled intervals given by (4) . In the orbifold case, these solutions correspond to product of extremal metrics on weighted projective lines. Notice also that any affine-linear function on a parallelogram is equipoised. We then introduce the notion of a Calabi toric metric on a toric orbifold, naturally extending the construction of Calabi [12] . We show that any symplectic toric 4-orbifold whose labeled moment polytope is a labeled trapezoid (but not a rectangle) admits a Calabi toric metric. Moreover, if such symplectic toric orbifold has a equipoised extremal affine function, we show that the extremal compatible Kähler metric (should it exist) must be Calabi toric.
As a byproduct, we obtain a classification of compact Kähler toric 4-orbifolds admitting non-trivial Hamiltonian 2-forms. These forms are defined and studied in [3, 4, 6] . For instance, it is shown in these works that orthotoric metrics are exactly those admitting Hamiltonian 2-forms of maximal order and examples of non-trivial Hamiltonian 2-forms on weighted projective spaces are given. We obtain the following classification: The moment polytope of a Kähler toric 4-orbifold (M, ω, J, g, T ) admitting a non-trivial Hamiltonian 2-form is either a triangle (so that (M, J) is a weighted projective plane) or a quadrilateral. In this latter case, the order of a non-trivial Hamiltonian 2-forms is 2 − p where p is the number of pair of parallel edges. Moreover, g is orthotoric if and only if p = 0, g is Calabi toric if and only if p = 1 and g is a product of metrics if and only if p = 2.
2. Toric orbifolds and extremal metrics -a quick survey.
2.1. Toric orbifolds and labeled polytopes. A polytope ∆ in an affine space is a bounded set given as the intersection of a finite number of (closed) affine halfspaces, H i (1 ≤ i ≤ d). We suppose that d is minimal. The polytopes we study in this paper lie in the underlying affine space of t * , the dual of the Lie algebra t of a n-torus. Thus, for each H i , we can specify a normal inward vector u i ∈ t and a point x i ∈ H i , so that H i = {x | x − x i , u i ≥ 0}. The polytope ∆ is then described via the defining equations:
We suppose that the interior of the polytope,∆, is a non-empty open subset of t * . A face of ∆ is a non-empty subset F , for which there exists I ⊂ {1, . . . , d} such that F = F I = ∩ i∈I H i ∩ ∆. In particular, ∆ = F ∅ is a face and all faces are close. The facets of ∆ are n − 1-dimensional faces denoted F i = F {i} while the vertices are faces of ∆ consisting of only one point. A polytope is simple if each vertex is the intersection of n distinct facets, where n is the dimension of∆.
From now on, we assume all polytopes to be simple, compact and convex.
Definition 2.1. A polytope ∆ is rational with respect to a lattice Λ ⊂ t, if each facet admits a normal vector lying in Λ, so we say that the pair (∆, Λ) is rational. A polytope ∆ is of rational type if there exists a lattice Λ ⊂ t * such that the pair (∆, Λ) is rational; it is strongly rational if, up to translation, its vertices lie in a lattice.
Definition 2.2.
A labeled polytope (∆, u 1 , . . . , u d ) is a polytope ∆ ⊂ t * endowed with an inward normal vector attached to each facet. We call these vectors normals and say that F i is labeled by u i . A rational labeled polytope, (∆, Λ, u 1 , . . . , u d ), is a labeled polytope together with a lattice Λ such that u i ∈ Λ. Since the polytope is simple, the normals of a rational labeled polytope span a sublattice
Recall that a vector v ∈ t is primitive with respect to a lattice Λ if it generates Rv ∩ Λ. A rational pair (∆, Λ) may canonically be viewed as a rational labeled polytope by using the primitive vectors as normals. Definition 2.5. The polytopes ∆ ⊂ t * and ∆ ′ ⊂ s * are equivalent if there exists an affine isomorphism φ between the respective affine spaces so that φ(∆) = ∆ ′ . Two labeled polytopes are equivalent if the underlying polytopes are equivalent via an affine map, φ : t * → s * , and whose differential adjoint (dφ) * : t → s exchange the normals. Two rational labeled polytopes are equivalent if the underlying polytopes are equivalent via an affine map, φ, and moreover (dφ) * exchanges the respective lattices.
We use the definition of orbifolds appearing in [28] . We only consider diffeomorphisms between orbifolds. In particular, these maps are good in the sense of [9, Chapter 4] . We refer to the latter reference for a detailed exposition about orbifolds and to [28] for an exposition of results about Lie group actions on orbifolds.
Let (M, ω) be a compact symplectic orbifold and T a torus with Lie algebra t. Denote by t * the dual vector space of t. A Hamiltonian action of T on (M, ω) is a faithful representation ρ : T → Symp(M, ω) together with a T -equivariant smooth map µ :
) for all t ∈ T . We shall omit the representation ρ from the notation when no confusion is possible.
It is well-known, see [7, 25, 15] , that the image of the moment map of a toric manifold is a convex polytope in t * . This polytope is rational with respect to the lattice Λ = ker(exp : t → T ) and satisfies the Delzant condition of Definition 2.4. In the case of orbifolds, Lerman-Tolman [28] showed that (Im µ, Λ) is a simple rational polytope which is Delzant if and only if M is non-singular. Moreover, for every p ∈ M , the orbifold structure group of p only depends on the smallest face F containing µ(p) and is isomorphic to Z/m F Z for some integer m F called the label of F . Thus, any toric orbifold (M, ω, µ, T, ρ) naturally defines a labeled polytope, (Im µ, Λ, {m F }), in the sense of [28] . This corresponds to a rational labeled polytope, (Im µ, Λ, {u F }), by taking, for each facet F ⊂ ∆, the normal u F = m F w F where w F is the primitive inward normal vector to F .
The Delzant-Lerman-Tolman correspondence, [15, 28] , states that the symplectic toric orbifold is determined by its associated rational labeled polytope, up to a T -invariant symplectomorphism (of orbifolds). Conversely, any rational labeled polytope can be obtained from a symplectic toric orbifold, via an explicit construction called Delzant's construction. Two Hamiltonian actions (µ, T, ρ), (µ ′ , T ′ , ρ ′ ) on a symplectic orbifold (M, ω) are equivalent if and only if the associated labeled polytopes are equivalent, see Definition 2.5. In [27] , this statement is proved in the smooth case, with T ′ = T . The orbifold counterpart is formally the same with, in addition, special attention paid to normals on one side and weights of the torus action on the other.
Two rational labeled polytopes (∆, Λ ′ , u), (∆, Λ, u) with Λ ′ ⊂ Λ corresponds (via the Delzant construction) to a finite orbifold covering with deck transformation group Λ/Λ ′ . More precisely, Λ/Λ ′ ⊂ T ′ = t/Λ ′ is finite and acts by symplectomorphisms on the symplectic toric orbifold (M ′ , ω ′ , T ′ ) associated to (∆, Λ ′ , u). The quotient of M ′ by Λ/Λ ′ is then a symplectic toric orbifold with respect to the torus T = t/Λ and is associated to (∆, Λ, u) via the Delzant-Lerman-Tolman correspondence. For studying T -invariant Kähler metric it is then not restrictive to consider the minimal lattice Λ min = span Z {u 1 , . . . , u d }. Minimal lattices corresponds to simply connected orbifolds, see [6] and [31] . We shall omit the lattice from the notation of a rational labeled polytope when using the minimal lattice.
The cohomology class of the symplectic form of a symplectic toric orbifold is rational if and only the associated polytope is strongly rational with respect to the lattice of circle subgroups of the torus. Indeed, this property is a corollary of the original construction of Delzant [15] and holds for orbifolds, see [28] .
2.2.
Compatible Kähler metrics and the extremal equation. We consider a Kähler toric orbifold (M 2n , ω, J, g, T, µ), where g is T -invariant, ω-compatible Kähler metric and J is a complex structure such that g(J·, ·) = ω(·, ·). We denote by (∆, u 1 , . . . , u d ) the associated rational labeled polytope. Recall, [15, 28] , that M = µ −1 (∆) is the subset of M where the torus acts freely. The Kähler metric provides a horizontal distribution for the principal T -bundle µ :M →∆ which is spanned by the vector fields JX u , u ∈ t = Lie T . This gives an identification between the tangent space at any point ofM and t⊕t * . Usually, one chooses a basis (e 1 , . . . , e n ) of t to identifyM ≃∆ × T using the flows of the induced vector fields X e1 , ... X en , JX e1 , ... JX en (which commutes thanks to the integrability of J). The action-angle coordinates onM are local coordinates (µ 1 , . . . , µ d , t 1 , . . . , t d ) on M such that µ i = µ, e i and X ei = ∂ ∂ ti . The differentials dt i are real-valued closed 1-forms globally defined onM as dual of X ei (i.e dt i (X ei ) = δ ij and dt i (JX ej ) = 0).
In the action-angle coordinates (µ 1 , . . . , µ d , t 1 , . . . , t d ), the symplectic form be-
It is well-known [24] that a Kähler toric metric may be expressed with respect to these coordinates as follows:
where the matrix valued functions (G rs ) and (H rs ) are smooth on∆, symmetric, positive definite and inverse to each other. In particular, g red = G rs dµ r ⊗ dµ s is a Riemannian metric on∆. It may be more convenient to view these objects through the identification between tangent spaces ofM and t ⊕ t * as above. Indeed, following [6] we define the
, and put H rs = H(e r , e s ). Similarly, G :∆ → t ⊗ t is the metric g red via the usual identification T ν∆ ≃ t * . Given the expression (7), the integrability of the complex structure J is equivalent to the relation
or, equivalently, to the fact that (G rs ) is the Hessian of a potential G ∈ C ∞ (∆).
Necessary and sufficient conditions for a S 2 t * -valued function H to be induced by a globally defined Kähler toric metric on M are established in [2, 17, 6 ]. We will use in this paper the boundary conditions of [6] , which we recall below. For a face
Proposition 2.6. [6, Proposition 1] Let H be a positive definite S 2 t * -valued function on∆, whose inverse satisfies (8) . H comes from a Kähler metric on M if and only if H is the restriction to∆ of a smooth S 2 t * -valued function on ∆, still denoted by H, which verifies the boundary conditions (1) and such that the restriction of H to the interior of any face F ⊂ ∆ is a positive definite
Recall that the set of symplectic potentials S(∆, u), defined in the introduction, is the space of smooth strictly convex functions on∆ for which H = (Hess G) −1 satisfies the conditions of Proposition 2.6. Notice that the compactification condition (1) uses the normals and not the lattice. This agrees with the fact that different lattices (but identical normals) lead to orbifolds admitting a common finite orbifold covering.
Abreu [1] computed the curvature of a compatible Kähler toric metric, g, in terms of its potential G g ∈ S(∆, u). More precisely, choosing a basis of t = Lie T as above and using the action-angle coordinates to express the metric as (7), the scalar curvature onM is the pull-back by µ of the function S(G g ), defined by (2) via the symplectic potential G g of g.
It is well-known, see e.g [1] , that the metric g is extremal if and only if S(G g ) is an affine linear function on ∆. In this case, this function must be equal to the extremal affine function ζ (∆,u) which we now define. Choosing a basis (e 1 , . . . , e n ) of t gives a basis µ 0 = 1,
is the unique solution of the linear system
where the volume form dv = dµ 1 ∧ · · · ∧ dµ n and the measure dν on ∂ ∆ defined by the equality u j ∧ dν = dv on the facet F j . In other words, ζ (∆,u) is determined by requiring that the linear functional (5) annihilates any affine-linear function f .
Equivalently, the extremal affine function is the L 2 (∆, dv)-projection of S(G g ), for any compatible Kähler toric metric g to the finite dimensional space of affinelinear functions. Indeed, integrating (2) by part and using condition (1) we get
Remark 2.7. Let H = (H ij ) be any S 2 t * -valued function on ∆ satisfying the compactification condition (1) but which is not necessarily positive definite. Using integration by parts as above, one can show that the L 2 (∆, dv)-projection of the function
on the space of affine-linear functions on ∆ is still equal to ζ (∆,u) .
2.2.1. Uniqueness. Guan [26] showed the uniqueness, up to automorphisms, of compatible extremal Kähler toric metrics on a smooth compact symplectic toric manifold. In fact, he proved that a geodesic in the space of compatible T -invariant Kähler metrics corresponds, via the Moser Lemma, to a straight line in the space of Kähler potentials S(∆, u). Then, any two Kähler toric metrics may be linked together by a geodesic and, by a well-known argument using the convexity of the Guan-Mabuchi-Simanca relative K-energy E over geodesics, any two extremal toric metrics must coincide up to automorphisms. Guan's proof can be recasted in terms of symplectic potentials following the work of [16] . Indeed, it is showed that the relative K-energy of a metric associated to a potential G ∈ S(∆, u) is
where L (∆,u) is the relative Futaki functional (5). One can check that the critical points of E are exactly the solutions of (3) by computing that
where H = (HessG) −1 and ·, · is the usual inner product of symmetric matrices (i.e the trace of their product). Moreover, for a segment
where G t denotes the Hessian of G t and
t . This implies that E is convex along segments in S(∆, u). Hence, if G 0 and G 1 are two solutions of (3) then E is constant along G t and
2.3. Sasaki toric geometry. 
endowed with an effective action of a (maximal) torusT ֒→ Diff(N ) preserving the contact distribution D and its co-orientation. Equivalently, the symplectic cone (D o + ,ω, ς) is toric with respect to the action ofT and the Liouville vector field ς commutes withT . We denote bŷ
the contact moment map, which is the unique moment map for (D o + ,ω,T ) which is homogeneous of order 1 with respect to ς, see [30] . Definition 2.9. A polyhedral cone is good with respect to a lattice Λ, if any facet F i has a normal vector lying in Λ and, for any face
whereû i denotes the normal vector to F i which is primitive in Λ.
Lerman established [29, 30] a correspondence between contact toric manifolds and good polyhedral cones. The image, Imμ, of the contact moment map of a compact contact toric manifold (N, D,T ) does not contain 0 and C = Imμ ∪ {0} is a convex, polyhedral cone which is good with respect to the lattice of circle subgroups, Λ ⊂t. C is called the moment cone. Conversely, any convex good polyhedral cone defines a contact toric manifold, unique up to contactomorphisms (whose image is the cone). b (1)/T b , is an orbifold naturally endowed with a symplectic form ω and a Hamiltonian torus action of T /T b such that the associated rational labeled polytope is
with the affine identification (t/(Rb)) * ≃ P b , see [8] .
is a Sasaki manifold whose underlying contact structure is toric with respect to T and whose metric is Tinvariant.
The Sasaki toric manifold (N, D, g, T ) corresponds to the Kähler toric cone (D o + ,ω,ĝ, ς, T,μ) where the metricĝ is the cone metric of g, that isĝ is homogenous of order one with respect to ς and restricts to g on the level setĝ(ς, ς) = 1. Recall thatĝ is Kähler, toric and homogeneous of order 1 with respect to the (holomorphic) Liouville vector field ς. Notice that Jς is induced by an element b ∈ C * + ⊂ t, so that X b = Jς restricts to a Reeb vector field on N ⊂ M , where N is seen as the subset of M whereĝ(ς, ς) = 1.
The transversal geometry of g refers to the metricǧ, induced on D, that is, g = η b ⊗ η b +ǧ. Recall that dη b restricts to a symplectic structure on D, so that (D, dη b ,ǧ) defines a transversal Kähler toric structure. When the space of leaves Z b of the Reeb vector field X b is an orbifold (that is, when Rb ∩ Λ = {0}), we can identify its tangent V -bundle (see [9] ) with D so that (Z b , dη b ) is the symplectic toric orbifold associated to the labeled polytope (13) . We want to describe the transversal geometry of g using this polytope, which is defined even when Rb ∩ Λ = {0}.
The Kähler toric structure (ω,ĝ, J) is expressed on the setM =μ −1 (C\{0}) where the torus acts freely with a S 2 t-valued functionĜ, having an inverseĤ. The S 2 t * -valued functionĤ must satisfy the Proposition 2.6. Indeed, these conditions are local and correspond to the smooth extension of the metric over the singular orbits of the action, see the proof of [6, Proposition 1].
Lemma 2.12.
[30] The functionsĜ ij andĤ ij are homogeneous of respective orders −1 and 1 with respect to ς. Moreover, if b ∈ t induces the Reeb vector field X b = Jς, then for all x ∈ C,Ĥμ(b, ·) =μ. Proposition 2.13. Let C be a good cone with inward normalsû 1 , ...û d . Let b ∈ C * + andĤ be a positive definite S 2t * -valued function, satisfying the conditions of Proposition 2.6 on the faces of C. For everyμ ∈ C, put
Then H b µ is a positive definite S 2 (t/Rb) * -valued function, satisfying the conditions of Proposition 2.6 with respect to the labeled polytope
Moreover, if Rb ∩ Λ = {0} andĤ is associated to the cone metric of a Sasaki metric, g, on N , then the transversal metricǧ induced by g on the orbifold Z b is associated to the restriction of
Proof. Due to Lemma 2.12,
This S 2t * -valued function is well-defined on the quotientt/Rb since H b (b, ·) = 0. A facet F k lies in the annihilator of the attached normal vectorû k since the only vertex of C is {0}. Thus, for y ∈ F k , usingĤ
The S 2t * -valued function associated to a toric metricǧ is defined by
for two vectors a, c ∈t. On the other hand, the Kähler metricǧ induced on
is the horizontal projection of X (resp. X ′ ) at p and [ · ] denotes the equivalent class of points or vectors with respect to the local action generated by X b . For a ∈t, the horizontal projection of X a is
We denote by [a], the equivalence class of a int/(Rb). Then
which concludes the proof.
As a corollary, we obtain the following well-known result [10] .
Lemma 2.14. The metricĝ is extremal if and only if the induced metricǧ is.
Proof. Fix a basis of t, e 0 = b, e 1 , ... e n , and identifyt/(Rb) with R n by using the basis {e 1 , . . . , e n }. Then, the S 2 t * -valued function of the quotient restricted to the hyperplane μ, b = 1 becomes
by using Abreu's formula (2).
Combining Proposition 2.13 with the result of [35] we get the following corollary (where for simplicity we denote the labeled polytope (
) be a compact toric Sasaki manifold with Reeb vector field X b . If g is extremal (in the sense thatǧ is) then (∆ b , u b ) is analytically relatively K-stable with respect to toric degenerations. Moreover, if g has constant scalar curvature then
We expect the converse to be true for 5-dimensional contact toric manifolds with constant extremal affine function, in view of [16, 17, 18, 19 ] but we do not show this in the present paper.
3. Orthotoric structures and generic quadrilaterals. ∞ (M ) with g-orthogonal gradients onM and an identification between t * and R 2 through which the moment map is µ = (x + y, xy). We call x,y orthotoric coordinates on M .
In [4] , it is shown that an orthotoric orbifold admits a Hamiltonian 2-form of maximal order. Recall that a 2-form Ψ is Hamiltonian if, for any vector field X,
where
In complex dimension 2, the orthotoric coordinates, x, y are the eigenvalues of J • Ψ (viewed as a field of complex endomorphisms of (M, J) via the metric g). In particular, x and y are continuously defined on the whole M . Notice that σ 1 = x + y and we set
The moment map of an orthotoric orbifold is µ = (σ 1 , σ 2 ) = (x + y, xy) and its moment polytope ∆ = Im µ has a special shape which we shall now describe. Since µ is a moment map, it has rank 2 onM and so x−y does not vanish onM . Our convention is that x ≥ y on M and we set Im 
The normals of ∆ associated to F α1 , F α2 , F β1 and F β2 are, respectively
for some constants C α1 , C β2 > 0 and C α2 , C β1 < 0, where the signs are prescribed by the convention that the normals are inward vectors.
Remark 3.2. The case α 2 = β 1 has been extensively studied in [6] and corresponds to triangles, that is weighted projective spaces. It is shown that the only n-dimensional compact manifold admitting an orthotoric structure is CP n .
, with β 2 < α 1 , which is mapped on ∆ by the map σ(x, y) = (x + y, xy). We denote such a polytope ∆ α1,α2,β1,β2 . Thus, any labeled orthotoric polytope determines and is determined by 8 real numbers (α 1 , α 2 , β 1 , β 2 , C α1 , C α2 , C β1 , C β2 ) which we shall refer to as orthotoric parameters. 
In particular, a convex quadrilateral ∆ is affinely equivalent to a unique ∆ Notice that β 2 < α 1 , since a + b > 1 and a, b > 0. Corollary 3.6. For any convex quadrilateral ∆, there exists a unique pair (α, β), satisfying 0 ≤ β < 1 < α and α − β ≥ 1, such that ∆ is affinely equivalent to the normal form ∆ ′ (α,1−β) . We call (α, β) the characteristic pair of ∆. If ∆ is generic then β > 0 and it is affinely equivalent to the orthotoric quadrilateral
We now summarize and rephrase [6 
, such that A(x) and B(y) are positive onM ,
Conversely, for any smooth functions respectively positive on (α 1 , α 2 ) and (β 1 , β 2 ) and satisfying (17) , the formula (16) defines a smooth orthotoric Kähler metric on M compatible with ω, with orthotoric coordinated x and y.
The S 2 R 2 -valued function H = (g(X ei , X ej )) associated to the metric (16) is
Proposition 3.7 can be derived from (18) by using Proposition 2.6. The integrability condition (8) is satisfied by construction. In particular, one can give the explicit Kähler potential [4, Proposition 11]:
From Lemma 3.5 and Proposition 3.7, we infer. Proof. For triangles, see [6] . An orthotoric quadrilateral is generic by definition. Conversely, if Im µ is generic, by Proposition 3.5, we can identify the Lie algebra of T with R 2 , such that Im µ be an orthotoric polytope. Thus, Im µ is the image by σ of a
are smooth on M since x > y. Moreover, dx and dy are linearly independent onM since µ is a moment map. Hence, taking positive functions satisfying condition (17) leads to a smooth metric (16) for which dx and dy are orthogonal.
3.2. Extremal orthotoric metrics. The "separation of variables", mentioned in the introduction, appears in the formula giving the scalar curvature of an orthotoric metric g A,B , [3] :
Then, the condition for the metric to be extremal (which, in the toric context, amounts to the fact that its scalar curvature is the pull back by the moment map of an affine-linear function on t * with respect to variables σ 1 = x + y and σ 2 = xy) gives rise to the following conditions on A and B: It follows that the scalar curvature of an extremal orthotoric metric is equipoised in the sense of Definition 1.2.
Remark 3.11. Although we found it geometrically instructive to present most of the material of this section in the setting of toric orbifolds, the assumption that the corresponding labeled polytopes are rational is unnecessary for the results to hold true. For instance, if (∆, u) is a labeled orthotoric polytope with orthotoric parameters (β 1 , β 2 , α 1 , α 2 , C α1 , C α2 , C β1 , C β1 ) and if there exist polynomials A and B respectively positive on [α 1 , α 2 ] and [β 1 , β 2 ], satisfying conditions (17) and (21), then the function G defined by (19) is a solution of Problem 1 for (∆, u). Moreover, via Propositions 3.7 and 3.9, the metric g A,B given by (16) defines an extremal Kähler metric on∆ × R n with boundary condition given by (1).
The next lemma states a condition on the orthotoric parameters for that it exists a formal solution of Problem 1, that is a solution H A,B of equation (3) which is not necessarily positive definite. This is equivalent to the fact that there exist polynomials A and B satisfying conditions (17) and (21) Lemma 3.12. Let β 1 < β 2 < α 1 < α 2 be real numbers and C α1 , C α2 , C β1 , C β1 be non-zero real numbers. There exist polynomials of degree at most 4, A and B, satisfying conditions (17) and (21) if and only if
In this case, the polynomials A and B are uniquely determined by the orthotoric parameters. They are of degree 3 (i.e A 0 = 0) if and only if
A and B satisfy the condition (22) if, in addition to (24) and (25),
Proof. The compactification condition (17) implies that α 1 , α 2 and β 1 , β 2 are roots of A and B respectively. So if such polynomials exist, they must be of the form
B(y) = (y − β 1 )(y − β 2 )(−A 0 y 2 + S 1 y + S 2 ), (27) for some constant A 0 , R 1 , R 2 , S 1 , S 2 . The extremality conditions (21) imply
The compactification condition (17) reads, in terms of (27) ,
for i = 1,2. R 1 and R 2 may be expressed as functions of A 0 , by using the condition (29)
and similarly,
The condition (28) , together with the fact that α 1 + α 2 − (β 1 + β 2 ) = 0, allows us to determine
The second line of (28) implies
which may be written as (24) . Equation (25) comes directly from the line (32) . Finally, the condition (22) is
is exactly equation (25).
Remark 3.13. Polynomials of degree 3 satisfying the compactification condition (17) are automatically positive on (α 1 , α 2 ), and (β 1 , β 2 ).
Calabi toric structures and trapezoids.

Kähler toric 4-orbifolds with non-trivial Hamiltonian 2-forms.
Definition 4.1. A Kähler toric 4-orbifold, (M, ω, J, g, T, µ), is Calabi toric with respect to a Killing vector field K, if there exists a Hamiltonian 2-form of order 1 whose non-constant eigenvalue is a Hamiltonian function of K.
From [6, Proposition 10] we know that, excluding CP 2 , there is a unique non trivial Hamiltonian 2-form up to addition of a multiple of the symplectic form, on a toric 4-orbifold. In particular, such Hamiltonian 2-form, as well as the symplectic gradient of its trace K, is T -invariant. Proof. Suppose that (M, ω, J, g, K, T, µ) is Calabi toric. Let v ∈ t be such that K = X v , we know that such vector v exists since K is a Hamiltonian Killing vector field commuting with the infinitesimal action of T on M . Let x = µ(v). Notice that dx = dµ(v) = −ω(X v , ·) vanishes only on zero set of K while, thanks to [4, Theorem 1], we know that g(K, K) only depends on the value x. In particular, critical points of x are only contained in the preimage of the ends of the interval Im x. Hence, ∆ ∩ ev From now on, we assume that the toric action of a Calabi toric orbifold fixes four points, so its polytope is a trapezoid and we exclude weighted projective space of our consideration. Proof. Suppose first that (M, ω, J, g, K, T, µ) is Calabi toric and consider the same notation then the one in the proof of Proposition 4.2. Recall thatM denotes the open dense subset where the torus acts freely. By the general theory,M is a manifold diffeomorphic to∆ × T . Hence, the manifoldM , when endowed with the restriction of the Kähler structure of M , is a connected Kähler manifold admitting a Hamiltonian 2-form of order one whose only non-constant eigenvalue, say ξ, is a Killing potential for K. This situation is exactly the one required to apply [4, Theorem 1]. Thus, we obtain the explicit description of the restriction of the Kähler structure (ω, J, g) onM :
where λ is the constant root of the Hamiltonian 2-form so that x := |λ − ξ| is positive onM , the 1-form θ satisfies θ(K) = 1 and (g λ , ω λ ) is a Kähler structure on a Rieman surface. Adding a constant to µ if necessary, we suppose that x = µ(v). Let u ∈ t be any vector for which the pair (v, u) is a basis of t. This choice gives an identification between Lie T and R 2 , so that
Translating by v if necessary, one can choose u in order that the T -invariant function
using (34) . The vector fields X u , X v , JX u , JX v commute so the formulae above determine the differential df u = 1 x (dµ(u) − f u dx) and then µ(u) = xf u + c for a certain constant c.
The mapμ = µ − cu * is a moment map for the action of T such thatμ(v) = µ(v) > 0 and
In particular, the function f u may be defined on the whole M . Indeed, the assumption that T fixes 4 points of M is equivalent to that Imμ is a quadrilateral which can be true only if x > 0 on M . We set y = f u , soμ = (x, xy). Finally, notice that the first formula of (35) implies that dy and dx are orthogonal. Conversely, the fact that the moment map is µ = (x, xy), with x > 0 and y ≥ 0, implies that the rational labeled polytope associated to (M, ω, T ) has a normal lying in Re 1 . In particular, the line Re 1 meets Λ (where T = R 2 /Λ) and determines a circle, S ⊂ T , the generator of which is R-collinear to K = Jgradx and is a Hamiltonian Killing vector field on M . Consider the set of action-angle coordinates (σ 1 , σ 2 , t, s) onM where (σ 1 , σ 2 ) = (x, xy) and dt(K) = 1 and the normal expression for the toric metric in term of matrices H = (H ij ) and G = (G ij ). The assumption that dx and dy are g-orthogonal implies the following relations: (37) G 11 + 2yG 12 + y 2 G 22 = f (x, y), x(G 12 + yG 22 ) = 0 and x 2 G 22 = h(x, y).
From these equations and the integrability of J, we infer
Hence, there exist functions of one variable A and B such that f (x, y) = x/A(x), h(x, y) = x/B(y) and
. (39) Hence, we obtain that the expression of the Kähler structure onM associated to H A,B and G A,B is exactly of the form (34) where θ = dt + yds, ω λ = dy ∧ ds and g λ = Proof. Let Ψ be a non-trivial Hamiltonian 2-form of order zero on M . Seen as an endomorphism using g, JΨ has two constant roots, say λ 1 , λ 2 . These roots are distinct since Ψ is non-trivial (that is, it is not a multiple of the identity). The Kähler structure restricts to a Kähler structure on the eigenspaces of Ψ and the induced splitting of the tangent space T M = V 1 ⊕ V 2 is invariant by the local action generated by t. Since Ψ is parallel with respect to the Levi-Civita connection, the distributions V i are not only integrable in the Frobenius sense but also closed for the Levi-Civita connection meaning that ∇ Y X(p) ∈ (V i ) p as soon as X is a section of V i . Thus, a vector field, K, such that K = K 1 + K 2 with K i ∈ V i , is Killing if and only each vector field K i is. Hence, one can choose a basis (e 1 , e 2 ) of t such that g(X e1 , X e2 ) = 0 and X ei (p) ∈ (V i ) p for all p ∈ U . Taking any moment map, µ, of the action of T on M , the functions x = µ(e 1 ) and y = µ(e 2 ) have orthogonal gradients which are non-vanishing onM . With respect to the basis (e 1 , e 2 ), Im µ is a rectangle since µ = (x, y). The Proposition follows from the Delzant-LermanTolman Classification of toric orbifolds. 
with C α1 , C β2 > 0 and C α2 , C β1 < 0. This leads us to the following definition. , the convex hull in R 2 of (0, 0), (1, 0), (1, α), (0, 1). We conclude the proof, by using normal forms of quadrilaterals.
Remark 4.8. The Calabi trapezoid with parameters (α 1 , α 2 , β 1 , β 2 , C α1 , C α2 , C β1 , C β2 ) is equivalent to the Calabi trapezoid of parameters
Proposition 4.9. Let (M, ω, g, µ, T ) be a Calabi toric orbifold with Calabi coordinates x,y and momentum coordinates σ 1 = x, σ 2 = xy. Let t 1 , t 2 be the corresponding angle coordinates onM .
and
Conversely, for any smooth functions, A, B, respectively positive on (α 1 , α 2 ) and (β 1 , β 2 ) and satisfying (42), the formula (41) defines a smooth Calabi toric metric on M compatible with ω, with Calabi coordinates x, y.
Proof. The main part of the proof is a corollary of Proposition 4.3. We just have to verify that the compactification conditions (1) on H A,B correspond to (42): Then the proposition would follow from Proposition 2.6. We compute that
.
Finally, we have u βi = C βi (β i dσ 1 − dσ 2 ) and u αi = C αi dσ 1 via the standard identifications T µ ∆ ≃ t * and t * ≃ t, given by the basis (σ 1 , σ 2 ). It is unique, up to addition of an affine-linear function of the variables x, xy.
With a similar argument as in the generic case, see Proposition 3.8, we derive from the Proposition 4.9 the following proposition. (7) and the expression of g = g A,B with respect to the moment coordinates σ 1 = x and σ 2 = xy, one computes that
Extremal Calabi toric metrics. Using the Abreu formula
x .
In particular, the extremality condition for such a metric may be expressed as conditions on A and B. More precisely, since that, on the manifoldM , the metric g A,B is a smooth Calabi type metric, we can apply [3, Proposition 14 ] to obtain:
, T ) be a Calabi toric orbifold with coordinates x, y. The metric g A,B is extremal if and only if A is a polynomial of degree at most 4, say A(x) = A 0 x 4 +A 1 x 3 +A 2 x 2 +A 3 x+A 4 , and B is a polynomial of degree 2 such that
Moreover, assuming (44), g A,B has constant curvature if and only if A 0 = 0 and is Kähler-Einstein if
In particular, if g A,B is extremal, then
is equipoised. Thus, we deduce The following is the counterpart of Lemma 3.12 in the Calabi toric case.
Lemma 4.14. Let (∆, u) be a labeled Calabi trapezoid with Calabi parameters
There exist polynomials A, B of respective degree at most 4 and 2, satisfying (42) and (44) if and only if
In that case, the polynomials A and B are uniquely determined by the Calabi parameters. A is of degree 3 if and only if
and satisfies, in addition, (45) if and only if
Proof. From the boundary conditions (42) and the fact that B ′′ (y) = −2κ must be constant (see Proposition 4.12), we infer that B(y) = −κ(y − β 1 )(y − β 2 ). Hence,
is negative. Similarly, the conditions (42) and the fact that A(x) must be a polynomial of degree 4 (see Proposition 4.12), lead to
for some degree 2 polynomial Q A (x) = A 0 x 2 + R 1 x + R 0 . Thanks to the boundary condition on A we obtain 3 linear equations for the variables A 0 , R 1 , R 2 .
The solution is
Notice that (α 2 + α 1 ) 2 + 2α 1 α 2 > 0 since α 2 > α 1 > 0 by assumption. Thus, we can derive the expression of coefficients A 0 , A 1 , A 2 = κ, A 3 and A 4 in terms of Calabi parameters. The equation (48) is equivalent to A 0 = 0 while (45) is equivalent to (49).
Proof of the main results
5.1.
Equipoised functions and existence of solutions. As explained in the introduction, the solution of Problem 1 for parallelograms is the product of solutions on labeled intervals given by formula (4) . Notice also that any affine-linear functions are equipoised on a parallelogram. Indeed, this is true on a square and any parallelogram is affinely equivalent to a square.
We have established in the previous sections that any quadrilateral which is not a parallelogram is affinely equivalent to either an orthotoric polytope or a Calabi polytope. More precisely, for any convex quadrilateral ∆ which is not a parallelogram there exists an affine invertible map sending ∆ to a quadrilateral in R 2 which is the image of a rectangle [α 1 , α 2 ] × [β 1 , β 2 ] via the map σ(x, y) = (x + y, xy) if ∆ is generic and σ(x, y) = (x, xy) if ∆ is a trapezoid, see Definitions 3.3, 4.6. We fix such a representative of ∆ and a set of normals u = (u 1
with r ∈ R 4 >0 . In the orthotoric (resp. Calabi) case, we choose u such that u(r) give the normals (14) (resp. (40)) for r = (r 1 , r 2 , r 3 , r 4 ) = 1
5.1.1. The space of normal inward vectors and formal solutions. In Sections 3 and 4, we introduced two kinds of solution of equation (3) in terms of a S 2 R 2 -valued functions H A,B depending on two polynomials A and B respectively given by (18) if ∆ is generic and (39) if ∆ is a trapezoid. In both cases, we obtained a criterion for the normals to define such solutions, expressed as a homogeneous equation with respect to the variables (r 1 , r 2 , r 3 , r 4 ), see Lemmas 3.12 and 4.14. Let X(∆) be the cone of inward normals (labeling ∆) satisfying this criterion. More precisely, using the parametrization above, if ∆ is generic (24) becomes
The lemma follows from the fact that D 1 > D 4 > D 3 > D 2 > 0 which in turn follows that 0 < β < 1 < α as stated in Corollary 3.6.
The space of normal inward vectors with equipoised extremal affine function.
Recall that an affine function f is equipoised on ∆ if
, where s 1 , . . . , s 4 are the vertices of ∆ and s 1 is not adjacent to s 3 . Moreover, we can assume (without loss of generality, see Lemmas 3.5 4.7) that any quadrilateral, unless parallelogram, is either an orthotoric polytope or a Calabi polytope. Note that orthotoric and Calabi polytopes come with a fixed affine embedding ∆ ⊂ R 2 = {(σ 1 , σ 2 ) | σ i ∈ R} having as common feature that the function (σ 1 , σ 2 ) → σ 1 is equipoised on ∆ while (σ 1 , σ 2 ) → σ 2 is not. Hence, an affine-linear function f : ∆ → R is equipoised on ∆ if and only if f is constant with respect to σ 2 .
Hence, from the linear system (9), for a given labeling u = (u 1 , u 2 , u 3 , u 4 ), the extremal affine function ζ (∆,u) is equipoised if and only if the linear system Notice that in the system (9) (and hence (57)), only the right-hand side depends on the normals: For any other inward vectors u(r), see 52, with r ∈ R 4 >0 , the matrix W remains unchanged while Z(r) depends linearly on r = (r 1 , r 2 , r 3 , r 4 ). Hence, the equation (58) is homogeneous and linear with respect to r. Denote a ij = Fj µ i dν j where u j ∧ dν j = dµ 1 ∧ dµ 2 on F j , so that Z i (r) = j a ij r j . The equation (58) can be rewritten as 4 j=1 E j r j = 0, where
We define the vector space E ′ (∆) = r ∈ R 4 4 j=1 E j r j = 0 , so that
is equipoised on ∆}. The next Lemma will be the key for the main result of this paper. It follows from the fact that we linearized the PDE of Problem 1 in Lemmas 3.12 and 4.14.
Lemma 5.2. For any convex quadrilateral ∆ which is not a parallelogram
>0 and since we proved that X ′ (∆) is a 3-dimensional vector space, we only have to prove that X(∆) ⊂ E(∆) and that the defining equation of E ′ (∆) is not trivial. Firstly, X(∆) ⊂ E(∆). Indeed, for a point r ∈ X(∆) one can construct a matrixvalued function H A,B = (H ij ) satisfying the boundary conditions (1) and (3). The latter condition means that the function
is affine-linear and thus coincides with ζ (∆,u(r)) , see Remark 2.7. In particular, due to the construction ζ (∆,u(r)) is equipoised and then r ∈ E(∆).
Secondly, E ′ (∆) has dimension 3 since the coefficients E i of the defining equation
4 j=1 E j r j = 0 are not all zero. We prove this fact separately for both cases.
(i) Suppose that ∆ is generic, we identify ∆ with an orthotoric polytope with parameters β 1 < β 2 < α 1 < α 2 . Recall that the (fixed) inward normal vectors u are given via (52) and (53), that is,
We compute
In particular, at least one coefficient is not zero as the alternating sum
and that µ 0 and µ 1 are everywhere independent as functions on R 2 . Hence, the Cauchy-Schwarz inequality is strict for them, showing that W 2 01 > W 00 W 11 . Thus, (61) holds since β 1 < β 2 < α 1 < α 2 .
(ii) Suppose that ∆ is a trapezoid, it corresponds to a Calabi polytope with parameters β 2 > β 1 ≥ 0 and α 2 > α 1 > 0. The fixed inward normals are
and we compute
)(α 1 + α 2 ) = 0 as above. It follows that at least one coefficient is non-zero.
5.2.
Proof of Theorem 1.3. The proof given below is similar to the one of [5, Theorem 3] .
Let (∆, u) be a labeled convex quadrilateral with a equipoised ζ (∆,u) . Suppose that ∆ is not a parallelogram. From Lemma 5.2 we know that there exist polynomials A and B for which the matrix H A,B , given by (39) for trapezoids and (18) for generic quadrilaterals, satisfies the boundary conditions (1) and S(H A,B ) = ζ (∆,u) .
Thanks to the uniqueness of the solution of (3), see §2.2.1, to prove Theorem 1.3 we only have to show that H A,B is positive definite if and only if (∆, u) is relatively analytically K-stable with respect to toric degeneration.
Denote by P(∆) the set of strictly convex piecewise affine-linear functions on ∆. Suppose that f ∈ P(∆) has only one crease, meaning that ∆ is cut into two pieces ∆ = ∆ 1 ∪ ∆ 2 on which f is affine-linear (thus f i = f |∆i is smooth). Denote by S f = ∂ ∆ 1 ∩ ∂ ∆ 2 , the segment passing through the interior of ∆, determined by the crease of f . A normal vector to S f is given by
where a sj = ∂ ∂ µj f s are constants. This vector is inward to ∆ 1 . Denote by dν f the (positive) volume form on the oriented segment S f for which u f ∧ dν f = dv = dµ 1 ∧ µ 2 . Substituting ζ (∆,u) by S(H A,B ) (even though H A,B is not necessarily positive definite), we get
For functions with more than one crease, the relative Futaki functional decomposes into a sum over the creases of expressions of the type (62). Indeed, the integration by part leading to (62) may be used successively, as in [35] , showing that if H A,B is positive definite then (∆, u) is relatively analytically K-stable with respect to toric degeneration. It remains to prove the converse.
From Lemmas 3.5 and 4.7, we can assume that ∆ is the image of a rectangle [α 1 , α 2 ] × [β 1 , β 2 ] via the affine map σ, see Definitions 3.3, 4.6. Let C α1 , C α2 , C β1 and C β2 , be the constant determining the normals respectively as in (14) (resp. (40)). Then, to every x ∈ [α 1 , α 2 ] corresponds a segment S x ⊂ ∆, given by the image of [β 1 , β 2 ] by σ(x, ·). We define similarly segments S y for every y ∈ [β 1 , β 2 ]. For any function f whose only crease is S x , we compute
up to a positive multiplicative constant. Similarly, if S y is the only crease of f , we get that, up to a positive multiplicative constant,
Then, from (63) and (64), L (∆,u) (f ) > 0 for any non-affine-linear function f ∈ P(∆) implies that A and B are positive on the respective open intervals (α 1 , α 2 ) and (β 1 , β 2 ), and thus H A,B is positive definite.
Remark 5.3. Of special interest is the case when the parameters α 1 , α 2 , β 1 , β 2 , C α1 , C α2 , C β1 , C β2 are rational. One then gets a rational labeled polytope (∆, Λ, u) with vertices lying in Λ * , see Lemma 6.9. Presumably, this would be the case where the algebro-geometric setting of the problem makes sense, see [16] for the case of smooth varieties and the forthcoming work of [32] for the case of orbifolds with cyclic orbifold structure groups. In this setting, rational convex piecewise functions would arise from toric degenerations of the toric orbifold.
It is worth noticing, as in [5, Theorem 3] , that under this assumption the polynomials A and B have rational coefficients and two simple rational roots. Therefore, they cannot admit double irrational roots, showing that H A,B is definite positive as soon as L (∆,u) (f ) > 0 for any rational function in P(∆).
5.3.
Proof of Theorem 1.4. We prove Theorem 1.4 in three steps. First, we show the last part of the statement concerning C(∆) and K(∆). Then we prove that E + (∆) and E(∆)\E + (∆) are both non-empty for generic quadrilaterals and, finally, for trapezoids. We begin by recalling and giving alternative definitions for E + (∆), C(∆) and K(∆). Let ∆ be a convex quadrilateral which is not a parallelogram. We suppose, without loss of generality, that ∆ is embedded in R 2 as an orthotoric quadrilateral if ∆ is generic and as a Calabi trapezoid otherwise. In both cases the associated parameters are denoted α 1 , α 2 , β 1 , β 2 .
Let N(∆) be the 4-dimensional cone of inward normals associated to the facets of ∆. We fix inward normal vectors u = (u 1 , u 2 , u 3 , u 4 ) so that any other normal inward vectors can be expressed as u(r) for some r ∈ R We know from Lemmas 5.1 and 5.2 that the condition that ζ (∆,u) is equipoised defines a codimension one sub-cone E(∆) ⊂ N(∆) which can be equivalently defined as the cone X(∆) of normals for which there exist polynomials of degree 4, A and B, such that H A,B (given by (18) if ∆ is generic and (39) otherwise) is a solution of (3) satisfying the compactification condition (1) . Recall that A and B are uniquely defined by these conditions. Letting A(x) = A 0 x 4 + A 1 x 3 + A 2 x 2 + A 3 x + A 4 and going back to the proof of Lemma 5.2, we get
In particular, noticing that a constant function is equipoised on any quadrilateral, the set of normals C(∆) for which ζ (∆,u) is constant is a subset of E(∆), and is equivalently defined as
The subset E + (∆) of normals for which (∆, u) is relatively analytically K-stable corresponds, via Theorem 1.3, to the subset of E(∆) for which A and B are positive respectively on (α 1 , α 2 ), (β 1 , β 2 ).
Step 1. For any normals in C(∆) ⊂ E(∆), A is of degree 3 and has α 1 , α 2 as roots. The conditions A ′ (α 1 ) > 0 and A ′ (α 2 ) < 0 ensure that A is positive on (α 1 , α 2 ). For similar reasons B is positive on (β 1 , β 2 ). Hence, C(∆) ⊂ E + (∆).
By using Lemmas 3.12 and 4.14 the sets C(∆), E(∆) are defined by linear equations with respect to r 1 , r 2 , r 3 , r 4 . We already know from Lemma 5.1 that E(∆) is 3-dimensional. Similarly, the set of normals C(∆) for which ζ (∆,u) is constant is defined by 
, (25), (26) hold, if ∆ is generic (47), (48), (49) hold, if ∆ is a trapezoid .
We infer from Lemma 5.2 that E(∆), C(∆) and K(∆) are sub-cones of N(∆) of respective codimension one, two and three.
It remains to prove that E + (∆) is proper and is a non-empty open subset of E(∆). It is clearly open by definition. Recall from the proofs of Lemmas 3.12,4.14 that A(x) = (x − α 1 )(x − α 2 )Q A (x) and B(y) = (y − β 1 )(y − β 2 )Q B (y) where Q A (x) = A 0 x 2 + R 1 x + R 2 and the degree of Q B depends whether or not ∆ is generic. The polynomial A (resp. B) is positive on (α 1 , α 2 ) (resp. (β 1 , β 2 )) if and only if Q A (resp. Q B ) is negative on these intervals. The compactification conditions imply that Q A (resp. Q B ) is negative at the ends of the interval (α 1 , α 2 ) (resp. (β 1 , β 2 )). In particular, if A 0 > 0 then A is positive on (α 1 , α 2 ).
Step 2. If ∆ is generic then Q B (y) = −A 0 y 2 + S 1 y + S 2 . The fact that E + (∆) is a non-empty open subset of E(∆) will follow if we can find r ∈ E(∆) for which A 0 > 0 and Q B has imaginary roots. Indeed, A 0 > 0 implies A > 0 on (α 1 , α 2 ) as above, and since Q B has no real root and is negative at β 1 , Q B is always negative. Thus, r is in the open subset of E(∆) (included in E + (∆)) defined by A 0 > 0 and S 2 1 + 4S 2 A 0 < 0. On the other hand, the fact that E + (∆) is a proper subset of E(∆) would follow from the existence of r ∈ E(∆) for which A 0 > 0 and Q B has a double root in (β 1 , β 2 ). We now show the existence of such r.
with equality if and only if Q B has the double (real) root λ = S1 2A0 . Claim 5.4. For any b < 0, there exists a 0 > 0 such that for all a > a 0 , we have
Step 2 will be complete as soon as we prove the Claim 5.4. Indeed, taking b and a > a 0 satisfying this Claim we have that a > 0 > b implies (67) and the inequality (69) allows us to pick r 3 such that
Thus, (71) implies that r3 β 2 > −b while (70) together with equation (65) imply that r 1 > 0, so the condition (66) holds. Picking r 3 such that the inequality (71) is strict implies that the strict inequality of (68) holds (so that Q B has no real roots) while picking r 3 such that the equality of (71) holds implies that Q B has the double root λ. We have λ ∈ (0, β) if and only if S 1 ∈ (0, 2A 0 β) which means (by virtue of (31)) that −A 0 β < 2b < A 0 β. Thus, Q B has a double root in (0, β) if and only if
which, in turn, is verified as soon as a is big enough. Hence, it remains to prove the Claim 5.4.
Remark 5.5. It is easy to see that once given r ∈ E(∆)\E + (∆) such that A 0 > 0 and Q B has a double root, there is a 3-parameters family of such solutions.
Proof of the Claim 5.4. We compute that
One can assume that a > b so the inequality (69) holds if and only if
Fixing b < 0 the left hand side is a polynomial, say P (a − b), of degree two with respect to a − b for which the main coefficient
is positive. Thus P is a convex function. Hence, there exists a > 0 big enough to ensure P to be positive at a − b.
Step 3. If ∆ is a trapezoid, then Q B (y) = −κ = −2r 3 and E(∆) = {r ∈ R 4 >0 | r 3 = r 4 }. Using the formulae of Lemma 4.14, we express A 0 in terms of the variables r = (r 1 , r 2 , r 3 , r 4 ) and the Calabi parameters α 1 , α 2 , β 1 , β 2 . In particular, for any number r 3 = r 4 > 0, there exist r 1 , r 2 > 0 such that (r 1 , r 2 , r 3 , r 4 ) ∈ E(∆) and A 0 > 0. Thus, for such r, A is positive on (α 1 , α 2 ). We then infer that E + (∆) is not empty.
It remains to find a point in E(∆)\E + (∆). Denote a = r 1 − r 2 . Notice that Q A has a root in (α 1 , α 2 ) as soon as it has real roots and the root of Q ′ A lies in (α 1 , α 2 ), that is, if and only if
We compute that
3 ) and r 2 ∈ (0,
2 −8A0(α2−α1) 3 ) so that, via formula (51), r 2 and r 1 = a + r 2 determine r 3 and r 4 . We obtain a point r = (r 1 , r 2 , r 3 , r 4 ) ∈ E(∆) for which A has a root lying in (α 1 , α 2 ).
Remark 5.6. The classification presented in this paper provides automatically a classification of toric weakly Bochner-flat metrics (i.e with co-closed Bochner tensor). Indeed, weakly Bochner-flat metrics are extremal and an alternative definition is that (g, J, ω) is weakly Bochner-flat if the form
where ρ g is the Ricci form, is a Hamiltonian 2-form, see [4] . In particular, if (g, J, ω) is a toric weakly Bochner-flat metric then it is a toric Kähler-Einstein metric or admits a non trivial Hamiltonian 2-form,ρ g . In the setting of toric geometry, this latter case implies that the moment polytope ∆ is either a triangle or a quadrilateral see §3.1 and 4.2. If ∆ is a triangle, using the uniqueness of extremal metrics the metric g should be a Bochner-flat metric on a weighted projective space as classified in [11] , with symplectic potential given by (4) . If ∆ is a quadrilateral, depending of the number of its parallel edges, the metric g is either a product of metrics, a Calabi-type metric or an orthotoric metric. Moreover, if ∆ is a quadrilateral which is not a parallelogram, using again the local characterization of metrics admitting Hamiltonian 2-form of [4] the condition of being weakly Bochner-flat metric is a linear condition on the coefficients of the polynomials A and B. More precisely, the normals u leading to a (formal) weakly Bochner-flat metric H A,B form a sub-cone in E(∆), defined via the linear equation A 3 = −B 3 if ∆ is generic and A 3 = 0 if ∆ is a trapezoid (without assuming A 0 = 0).
Geometric applications
A labeled polytope (∆, u) is associated to a symplectic toric orbifold via the Delzant-Lerman-Tolman correspondence if and only if (∆, u) is a rational labeled polytope with respect to a lattice Λ. The first part of this section gives an intrinsic criterion for testing rationality of polygons. In this paper, polygon refers to 2-dimensional polytopes. In particular, they are compact and convex.
6.1. The rational type condition. Recall that (∆, u) is rational with respect to a lattice Λ if u i ∈ Λ and ∆ is of rational type if there exists a lattice Λ and a set of normals u such that (∆, u) is rational with respect to a lattice Λ, see Definition 2.1. Let ∆ be a polytope with d facets in a 2-dimensional affine space, (A, V ). There is a canonical way to associate d (not necessarily distinct) points of P(V * ): To each facet, we associate its normal line.
Recall that the cross-ratio is defined on ordered sets of four distinct points of the real projective line, P i = [x i : y i ] ∈ RP 1 , 1 ≤ i ≤ 4, with P i = P j if i = j, by the formula r(P 1 , P 2 ; P 3 , P 4 ) = (x 1 y 3 − y 1 x 3 )(x 2 y 4 − y 2 x 4 ) (x 1 y 4 − y 1 x 4 )(x 2 y 3 − y 2 x 3 ) .
This definition does not depend on the chosen representatives and is invariant under projective transform. The cross-ratio may alternatively be defined for an ordered set of four, non-zero, distinct vectors.
Remark 6.1. For any permutation γ ∈ S 4 and four distinct points P 1 , P 2 , P 3 , P 4 ∈ P(V ), the number r γ = r(P γ(1) , P γ(2) ; P γ(3) , P γ(4) ) lies in the set {r, r −1 , 1 − r, (1 − r) −1 , r r − 1 , r − 1 r } where r = r id = r(P 1 , P 2 ; P 3 , P 4 ). Hence, r γ is rational if and only if r is.
Remark 6.2. Since P GL(2, R) acts simply 3-transitively on RP 1 , for any ordered distinct three points P 1 , P 2 , P 3 ∈ RP 1 , there exists a unique A ∈ P GL(2, R) such that (1) at most 3 distinct normals, (2) 4 distinct normals with rational cross-ratio, (3) at least 4 distinct normals and the cross-ratio of any four of them is rational.
Proof. Let ∆ be a convex polygon in R 2 . For at most 3 points of RP 1 , there obviously exists a lattice intersecting non-trivially each of them, see Remark 6.2. Thus we suppose that ∆ has at least 4 normal lines δ 1 , ... δ k ∈ RP 1 . Suppose there exists a lattice Λ intersecting non-trivially δ 1 , ... δ k . Then, there exists A ∈ GL(2, R) such that A(Λ) = Z 2 . Since (Aδ i ∩ Z 2 ) = {0} for all i, we can choose a non-zero integral point in each real line δ i to compute the cross-ratio: For any four distinct indices i, j, k, l, we get r(δ i , δ j ; δ k , δ l ) = r(Aδ i , Aδ j ; Aδ k , Aδ l ) ∈ Q.
Conversely, fix three of the normal lines, say δ 1 , δ 2 and δ 3 . By Remark 6. Proposition 6.6. A labeled orthotoric quadrilateral associated to orthotoric parameters (α 1 , α 2 , β 1 , β 2 , C α1 , C α2 , C β1 , C β2 ) is a rational labeled polytope if and only if
(1) r = (β2−α1)(α2−β1) (β2−β1)(α2−α1) ∈ Q, (2) C β2 > 0 and there exist positive rational numbers p β1 , p α2 , p α1 such that p β1 C β1 = (β2−α1) (α1−β1) C β2 , p α2 C α2 = − (β2−β1) (α2−β1) C β2 and p α1 C α1 = − (β2−β1) (α1−β1) C β2 . Proof. In order to prove the proposition, we start with the following easy lemma.
Lemma 6.7. Let u 0 , u 1 , u 2 be pairwise linearly independent vectors of a 2-dimensional vector space V . They generate a lattice if and only if there exist non-zero integers n 0 , n 1 , n 2 such that n 0 u 0 + n 1 u 1 + n 2 u 2 = 0.
Using Lemma 6.7 for both {u Cα 1 , u Cα 2 , u C β 1 } and {u Cα 1 , u C β 2 , u C β 1 }, we obtain the homogeneous linear system n 1 α 1 C α1 + n 2 α 2 C α2 + n 0 β 1 C β1 = 0 n 1 C α1 + n 2 C α2 + n 0 C β1 = 0
for the unknowns C α1 , C α2 , C β1 , C β2 . It follows C β1 = k2 k0
(β2−α1) (α1−β1) C β2 , C α2 = − n0k2 k0n2 (β2−α1) (α1−α2) C β2 , C α1 = k2 k1 (β2−β1) (α1−β1) C β2 and C α1 = k 2 n 0 k 0 n 1 (α 2 − β 1 )(β 2 − α 1 ) (α 1 − β 1 )(α 1 − α 2 ) C β2 = r k 2 n 0 k 0 n 1 (β 2 − β 1 ) (α 1 − β 1 ) C β2 , from where we get the cross ratio condition (1) (since r = n1k0 k1n0 ). The expression of the coefficients of condition (2) follows easily.
Conversely, if conditions (1) and (2) are satisfied, the equations p β1 u C β 1 + p α1 u Cα 1 + u C β 2 = 0 and p β1 u C β 1 + rp α1 u Cα 1 + rp α2 u Cα 2 = 0 have rational coefficients. Then u C β 1 , u Cα 1 , u C β 2 , u Cα 2 are all contained in a lattice.
From Proposition 6.3 we know that any trapezoid is of rational type. However, normals of a trapezoid must satisfy some condition in order to be contained in a lattice. The following proposition gives these conditions. The proof is similar to the proof of Proposition 6.6. Proposition 6.8. A labeled Calabi trapezoid with Calabi parameters (α 1 , α 2 , β 1 , β 2 , C α1 , C α2 , C β1 , C β2 ) is a rational labeled polytope if and only if C β2 > 0 and there exist positive rational numbers p β1 , p α2 , p α1 such that −p β1 C β1 = C β2 , p α2 C α2 = (β 2 − β 1 )C β2 and −p α1 C α1 = −(β 2 − β 1 )C β2 . Lemma 6.9. ∆ is strongly rational if and only if α, β ∈ Q.
Proof. Recall that a polytope ∆ sitting in a vector space V is strongly rational if there exists a lattice Λ * ⊂ V such that, up to translation, all the vertices of ∆ lie in the lattice Λ * . Notice that, in this case, if one vertex lies in Λ * then all the vertices does and, seen as vectors with respect to the origin, the vertices generate a sublattice. Suppose that ∆ is a quadrilateral and take a normal form of ∆. The vertices (0, 0), (0, 1), (1, 0) and (α, 1 − β) belong to one lattice if and only if α, β ∈ Q.
6.2. Existence of extremal orthotoric and Calabi toric metrics. Corollary 1.5 from the introduction is a particular case of the following more general result.
Proposition 6.10. Let ∆ be a strongly rational convex quadrilateral which is not a parallelogram.
• There exists a family, parameterized by 3 positive rational numbers, of unstable symplectic toric orbifolds admitting no compatible extremal metric and whose moment polytope is ∆.
• There exists a family, parameterized by 3 positive rational numbers, of orthotoric extremal Kähler orbifolds whose moment polytope is ∆. Moreover, this family contains a 2-parameter subfamily of constant scalar curvature Kähler orbifolds and a 1-parameter (sub-)subfamily of homothetic Kähler-Einstein orbifolds.
